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Proposition Let (X,A, µ) a measure space, A ∈ A, (fn)n : A →
[−∞,+∞] a sequence of meaurable functions. Then are also measur-
able:
i) sup
n∈N
fn
ii) lim sup
n→∞
fn := inf
n≥0
sup
m≥n
fm
iii) lim inf
n→∞ fn := supn≥0
inf
m≥n
fm
iv) inf
n∈N
fn
v) if exists lim
n→∞ fn
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Any measurable function is the limit of a sequence of simple functions:
Rudin theorem 10:20
Theorem. Let (X,A, µ) a measure space, A ∈ A
Following statements on f : A→ R are equivalent
i) f is measurable
ii) exists a simple functions sequence (fn)n which domain A such that
for any x ∈ A, |fn(x)| ≤ |f(x)| and
lim
n→∞ fn(x) = f(x)
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Integral of nonnegative functions
Let (X,A, µ) , a maesure space, A ∈ A, f : A→ [0 +∞] measurable
the integral of f with respect to µ on A is∫
A
f dµ := sup
{∫
A
ϕ dµ | 0 ≤ ϕ ≤ f, ϕ simple
}
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Properties
(P1) 0 ≤
∫
A
f dµ
(P2) 0 ≤ f ≤ g =⇒
∫
A
f dµ ≤
∫
A
g dµ
(P3)
∫
A
f dµ < +∞ =⇒ µ ({x ∈ A | f(x) = +∞}) = 0
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Summable functions
Definition. Let (X,A, µ) a measure space, f : X → [−∞,+∞]
measurable. f is called summable on X if both integrals are finite∫
X
f+dµ,
∫
X
f−dµ.
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Summable functions
Definition. Let (X,A, µ) a measure space, f : X → [−∞,+∞]
measurable. f is called summable on X if both integrals are finite∫
X
f+dµ,
∫
X
f−dµ.
In such situation the integral of f is∫
X
f dµ :=
∫
X
f+dµ−
∫
X
f−dµ (L)
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Summable functions
Definition. Let (X,A, µ) a measure space, f : X → [−∞,+∞]
measurable. f is called summable on X if both integrals are finite∫
X
f+dµ,
∫
X
f−dµ.
In such situation the integral of f is∫
X
f dµ :=
∫
X
f+dµ−
∫
X
f−dµ (L)
We will say that the integral of f esists in R if at least one of the
two integrals
∫
X
f+dµ,
∫
X
f−dµ, is finite. In this situation also the
integral is defined by (L)
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Alternative notations∫
X
f(x)dµ(x),
∫
X
f(x)µ(dx)
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Alternative notations∫
X
f(x)dµ(x),
∫
X
f(x)µ(dx)
If X = R and µ = m Lebesgue measure we will continue to write∫
X
f(x)dx
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Theorem. If f is summable than |f | is summable and:∣∣∣∣∫
X
f dµ
∣∣∣∣ ≤ ∫
X
|f | dµ (D)
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Theorem. If f is summable than |f | is summable and:∣∣∣∣∫
X
f dµ
∣∣∣∣ ≤ ∫
X
|f | dµ (D)
Proof. Write X = A ∪B where f ≥ 0 on A and f < 0 on B.
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Theorem. If f is summable than |f | is summable and:∣∣∣∣∫
X
f dµ
∣∣∣∣ ≤ ∫
X
|f | dµ (D)
Proof. Write X = A ∪B where f ≥ 0 on A and f < 0 on B. Then
from the additivity∫
X
|f |dµ =
∫
A
|f |dµ+
∫
B
|f |dµ =
∫
A
f+dµ+
∫
B
f−dµ <∞
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Theorem. If f is summable than |f | is summable and:∣∣∣∣∫
X
f dµ
∣∣∣∣ ≤ ∫
X
|f | dµ (D)
Proof. Write X = A ∪B where f ≥ 0 on A and f < 0 on B. Then
from the additivity∫
X
|f |dµ =
∫
A
|f |dµ+
∫
B
|f |dµ =
∫
A
f+dµ+
∫
B
f−dµ <∞
Since f ≤ |f | and −f ≤ |f | we see that∫
X
fdµ ≤
∫
X
|f |dµ −
∫
X
fdµ ≤
∫
X
|f |dµ
so (D) follows.
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If f : X → [−∞,+∞] is measurable, fixed A ∈ A we will say that
f is integrable on A if f1A is integrable on X. In such situation the
integral of f over A is defined by∫
A
f dµ :=
∫
X
f1A dµ
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If f : X → [−∞,+∞] is measurable, fixed A ∈ A we will say that
f is integrable on A if f1A is integrable on X. In such situation the
integral of f over A is defined by∫
A
f dµ :=
∫
X
f1A dµ
We denote with L(X) the set of the real functions summable on X
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Almost everywhere properties. If (X,A, µ) , is a measure space
a statement P relative to elements of X holds µ almost everywhere if
the E subset of X where P does not hold has measure zero.
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Almost everywhere properties. If (X,A, µ) , is a measure space
a statement P relative to elements of X holds µ almost everywhere if
the E subset of X where P does not hold has measure zero. In other
words, a proprerty is true µ almost everywhere if there exists a set
N ∈ A such that µ(N) = 0 and that all the points such that P does
not hold belong to N .
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Almost everywhere properties. If (X,A, µ) , is a measure space
a statement P relative to elements of X holds µ almost everywhere if
the E subset of X where P does not hold has measure zero. In other
words, a proprerty is true µ almost everywhere if there exists a set
N ∈ A such that µ(N) = 0 and that all the points such that P does
not hold belong to N .
Example f, g : X → [−∞,+∞] are measurable we say that f = g
almost everywhere if
µ ({x ∈ X | f(x) 6= g(x)}) = 0
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Example. Let f, g : X → [−∞,+∞] measurable. We say that f ≤ g
almost everywhere if
µ ({x ∈ X | f(x) > g(x)}) = 0
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Example. Let f, g : X → [−∞,+∞] measurable. We say that f ≤ g
almost everywhere if
µ ({x ∈ X | f(x) > g(x)}) = 0
Proposition. Let (X,A, µ) , a complete measure space and let f = g
almost everywhere. If f is measurable, then g is also measurable.
Moreover if f ∈ L(X) then g ∈ L(X) and:∫
X
f dµ =
∫
X
g dµ
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Lebesgue Integral in R.
Lebesgue integral generalizes Riemann integral. Lebesgue Vitali The-
orem explains relationship between this two concept of integral.
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Lebesgue Vitali Theorem
Let f : [a, b]→ R bounded. Then
a) f ∈ R ([a, b]) ⇐⇒ f ∈ C ([a, b]) almost everywhere in [a, b]
b) f ∈ R ([a, b]) =⇒ f ∈ L ([a, b] ,m) and∫ b
a
f(x) dx =
∫
[a,b]
f dm
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Every nonnegative measurable function on a measure space (X,A, µ)
generates a new measure.
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Every nonnegative measurable function on a measure space (X,A, µ)
generates a new measure.
Theorem Generation of measures
Let (X,A, µ) a measure space, f : X → [0 +∞] nonnegative and
measurable. Then for any A ∈ A
φ(A) :=
∫
A
fdµ
is a measure on A
Moreover φ is finite, i.e. φ(X) < +∞ if and only if f ∈ L(X,µ)
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Proof. It is obvious that φ(∅) = 0. To complete the proof we have
to prove that if An ∈ A, n ∈ N is such that Ai ∩ Aj = ∅ for i 6= j
putting A =
∞⋃
n=1
An then:
φ(A) =
∞∑
n=1
φ(An)
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If f is a characteristic function of some measurable set E the countable
additivity of φ follows from the countable additivity of µ since in this
case we have
φ(A) =
∫
A
1Edµ = µ(A ∩ E)
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If f is a characteristic function of some measurable set E the countable
additivity of φ follows from the countable additivity of µ since in this
case we have
φ(A) =
∫
A
1Edµ = µ(A ∩ E)
Thus if A, B ∈ A with A ∩B = ∅ then
φ(A ∪B) = µ((A ∪B) ∩ E) = µ((A ∩ E) ∪ (B ∩ E))
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If f is a characteristic function of some measurable set E the countable
additivity of φ follows from the countable additivity of µ since in this
case we have
φ(A) =
∫
A
1Edµ = µ(A ∩ E)
Thus if A, B ∈ A with A ∩B = ∅ then
φ(A ∪B) = µ((A ∪B) ∩ E) = µ((A ∩ E) ∪ (B ∩ E))
But since (A ∩ E) ∩ (B ∩ E) = ∅ then
φ(A ∪B) = µ((A ∩ E) ∪ (B ∩ E)) = µ(A ∩ E) + µ(B ∩ E)
= φ(A) + φ(B)
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If f is a characteristic function of some measurable set E the countable
additivity of φ follows from the countable additivity of µ since in this
case we have
φ(A) =
∫
A
1Edµ = µ(A ∩ E)
Thus if A, B ∈ A with A ∩B = ∅ then
φ(A ∪B) = µ((A ∪B) ∩ E) = µ((A ∩ E) ∪ (B ∩ E))
But since (A ∩ E) ∩ (B ∩ E) = ∅ then
φ(A ∪B) = µ((A ∩ E) ∪ (B ∩ E)) = µ(A ∩ E) + µ(B ∩ E)
= φ(A) + φ(B)
The extension to countable union of disjoint sets is straightforward
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If f is simple the conclusion again holds since
f =
∑
i
fi1Ei
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If f is simple the conclusion again holds since
f =
∑
i
fi1Ei
In the general case of f nonnegative measurable, for any simple func-
tion s such that 0 ≤ s ≤ f we have∫
A
s dµ =
∞∑
n=1
∫
An
s dµ ≤
∞∑
n=1
∫
An
f dµ =
∞∑
n=1
φ(An)
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If f is simple the conclusion again holds since
f =
∑
i
fi1Ei
In the general case of f nonnegative measurable, for any simple func-
tion s such that 0 ≤ s ≤ f we have∫
A
s dµ =
∞∑
n=1
∫
An
s dµ ≤
∞∑
n=1
∫
An
f dµ =
∞∑
n=1
φ(An)
Thus recaling the definition of integral of a measurable function we
find, taking the supremum:
sup
0≤s≤f
∫
A
s dµ =
∫
A
f dµ = φ(A) ≤
∞∑
n=1
φ(An) (A)
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Thus to get the thesis we have to revert inequality (A).
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Thus to get the thesis we have to revert inequality (A). First observe
that if exists An such that φ(An) = +∞ thesis is immediate since we
have φ(A) ≥ φ(An). We can then limit our proof when φ(An) < +∞
for any n ∈ N.
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Thus to get the thesis we have to revert inequality (A). First observe
that if exists An such that φ(An) = +∞ thesis is immediate since we
have φ(A) ≥ φ(An). We can then limit our proof when φ(An) < +∞
for any n ∈ N.
For any ε > 0 we can choose a simple function s such that 0 ≤ s ≤ f
and that ∫
A1
s dµ ≥
∫
A1
f dµ− ε
2
,
∫
A2
s dµ ≥
∫
A2
f dµ− ε
2
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Thus to get the thesis we have to revert inequality (A). First observe
that if exists An such that φ(An) = +∞ thesis is immediate since we
have φ(A) ≥ φ(An). We can then limit our proof when φ(An) < +∞
for any n ∈ N.
For any ε > 0 we can choose a simple function s such that 0 ≤ s ≤ f
and that ∫
A1
s dµ ≥
∫
A1
f dµ− ε
2
,
∫
A2
s dµ ≥
∫
A2
f dµ− ε
2
Thus
φ(A1 ∪ A2) ≥
∫
A1∪A2
s dµ =
∫
A1
s dµ+
∫
A2
s dµ ≥ φ(A1) + φ(A2)− ε
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so we can infer that
φ(A1 ∪ A2) ≥ φ(A1) + φ(A2)
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so we can infer that
φ(A1 ∪ A2) ≥ φ(A1) + φ(A2)
It follows that for any n ∈ N we have
φ(A1 ∪ · · · ∪ An) ≥ φ(A1) + · · ·+ φ(An) (∗)
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so we can infer that
φ(A1 ∪ A2) ≥ φ(A1) + φ(A2)
It follows that for any n ∈ N we have
φ(A1 ∪ · · · ∪ An) ≥ φ(A1) + · · ·+ φ(An) (∗)
Since A ⊃ A1 ∪ · · · ∪ An from (∗) follows
φ(A) ≥
∞∑
n=1
φ(An) (B)
Thesis then follows from (A) and (B). 
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Passage to the limit
Consider the family of intervals In = [0, n] and define the sequence of
functions
fn =
1
n
1In
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Passage to the limit
Consider the family of intervals In = [0, n] and define the sequence of
functions
fn =
1
n
1In
Observe that
∫
R
fndx = 1 but since lim
n→∞ fn = 0 we cannot interchange
the limit with the integral
lim
n→∞
∫
R
fndx 6=
∫
R
lim
n→∞ fndx
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Beppo Levi Theorem (monotone convergence)
Let E ∈ A and (fn) a sequence of measurable functions such that for
any x ∈ E
0 ≤ f1(x) ≤ f2(x) ≤ · · · ≤ · · · (C)
Put
f(x) = lim
n→∞ fn(x). (D)
Then
lim
n→∞
∫
E
fndµ =
∫
E
fdµ
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Remark. If fn is decreasing Levi’s theorem does not hold.
In fact take fn(x) =
1
n
for any x ∈ R in such way for any n ∈ N∫ ∞
−∞
fn(x)dx =∞
but fn(x)↘ f(x) = 0
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Proof. From (C) we infer that there exists α ∈ [0,+∞] such that
lim
n→∞
∫
E
fndµ = α
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Proof. From (C) we infer that there exists α ∈ [0,+∞] such that
lim
n→∞
∫
E
fndµ = α
On the other side since
∫
E
fndµ ≤
∫
E
fdµ we have
α ≤
∫
E
fdµ (E)
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Fix 0 < c < 1 and a simple function such that 0 ≤ s ≤ f and, for any
n ∈ N define:
En = {x ∈ E | fn(x) ≥ cs(x)}
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Fix 0 < c < 1 and a simple function such that 0 ≤ s ≤ f and, for any
n ∈ N define:
En = {x ∈ E | fn(x) ≥ cs(x)}
from (C) we infer E1 ⊂ E2 ⊂ · · · ⊂ · · · and from (D)
E =
∞⋃
n=1
En
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On the other side for any n ∈ N we have∫
E
fndµ ≥
∫
En
fndµ ≥ c
∫
En
sdµ (F)
Take the limit n → ∞ in (F). Since for the generation measure the-
orem the integral is a countable additive set function we can use the
theorem for the increasing sequences of nested sets to infer
α ≥ c
∫
E
sdµ.
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On the other side for any n ∈ N we have∫
E
fndµ ≥
∫
En
fndµ ≥ c
∫
En
sdµ (F)
Take the limit n → ∞ in (F). Since for the generation measure the-
orem the integral is a countable additive set function we can use the
theorem for the increasing sequences of nested sets to infer
α ≥ c
∫
E
sdµ.
Taking the limit c↗ 1 we see that
α ≥
∫
E
sdµ
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Now take the supremum for s
α ≥
∫
E
fdµ (G)
Thesis follows from (D), (E) and (F). 
